Spectrally intrinsically uncorrelated biphoton states generated from nonlinear crystals are very important but rare resources for quantum photonics and quantum information applications. Previously, such biphoton states were generated from several kinds of crystals, however, their wavelength ranges and nonlinear efficiencies were still limited for various applications. In order to explore new crystal for wider wavelength range and higher nonlinear efficiency, here we theoretically study the generation of spectrally uncorrelated biphoton states from 14 crystals in the 'BBO family', including BBO, CLBO, KABO, KBBF, RBBF, CBBF, BABF, BiBO, LBO, CBO, LRB4, LCB, YCOB, and GdCOB. They satisfy three kinds of group-velocity matching condition from near-infrared to telecom wavelengths. Furthermore, heralded single photons can be generated with a purity as high as 0.98, which is achieved without any narrow filtering. The indistinguishability of photons from independent sources is examined by the Hong-Ou-Mandel interference, which results in a visibility of 98% also without any further filtering, i.e., photons from different heralded single-photon sources are highly indistinguishable. Our study may provide single-photon sources with good performance for quantum information processing at near-infrared and telecom wavelengths.
I. INTRODUCTION
Biphotons generated from a spontaneous parametric down-conversion (SPDC) process in a nonlinear crystal play an important role in photonic quantum information processing (QIP) [1] [2] [3] . Thanks to the energy and momentum conservation laws, the biphotons generated are generally spectrally correlated, which leads to low collection efficiency and unwanted noise photons for further application, for instance in the application of heralded single photon generation. An avenue to improve the collection efficiency and signal to noise ratio is removing the spectral correlation of generated biphoton state, i.e., spectrally uncorrelated biphotons. Recently, such biphoton states and the heralded single photons from them are on demand for many applications in QIP, for example, quantum computation [4] , boson sampling [5] , quantum teleportation [6] and measurement-deviceindependent quantum key distribution (MDIQKD) [7, 8] . Two methods have been demonstrated to remove the spectral correlations. One is spectral filtering with narrow bandpass filters, which is simple but has drawbacks spectrally pure states can only be prepared at some wavelength points, not at the full wavelength line. The custom poling technique can maintain both high purity and wide wavelength range, but is only applied on PPKTP and limited in the telecom wavelength range, i.e, cannot cover the near-infrared or visible range [33] [34] [35] [36] [37] [38] [39] [40] . The isomorphs of KDP increased the GVM wavelength range but with lower nonlinear efficiency [19] . Therefore, the generation of spectrally pure biphoton states from more nonlinear crystals with wider wavelength range and higher nonlinear efficiency is still a field with high demand. In this work, we investigate the possibility of generating spectrally uncorrelated biphoton state from 14 isomorphs from the 'BBO family', i.e., the borate crystals, which provide wider GVM wavelengths and higher nonlinear efficiency.
II. THEORY
A.
Characteristics of the 'BBO family'
The widely used borate crystals include BBO, LBO and BiBO, which were discovered in 1978, 1987, and 1995 respectively [13] [14] [15] . Besides these three crystals, there are still many other borate nonlinear optical crystals. Table I summarized 14 typical crystals from the 'BBO family', including 7 uniaxial and 7 biaxial crystals [13] [14] [15] . All these 7 uniaxial crystals are negative crystals with n e < n o and the 7 biaxial crystals satisfy n x < n y < n z . Here n e(o) is the refractive index for extraordinary (ordinary) ray, and n x(y,z) is the refractive index for X-(Y -, Z-) dielectric axis. They mainly have basic structure units of (
) 5− and (B 5 O 12 ) 9− . The point group, an important parameter determining the effective nonlinear coefficient, is including 3m,42m, 32, and6 for the uniaxial crystals, and 2, mm2, 222, and m for the biaxial crystal. They have a wide transparent range (from UV to infrared), relative high nonlinear coefficient (up to 3.48 pm/V), high damage threshold. These crystals have important applications, particularly in the laser industry.
In the quantum information field, BBO and BiBO are well-known crystals from the 'BBO family'. BBO crystal is widely used to generate entangled photons with high brightness [45, 46] , especially in the case of beam-like configurations [47] [48] [49] . Up to now, it has been used to prepare 6, 8, 10, 12 entangled photons [50] [51] [52] [53] . BiBO has higher nonlinear coefficients and a smaller spatial walk-off angle than the BBO crystal. BiBO has also been used in many quantum optical experiments, e.g., quantum-enhanced tomography [54] , 12 photon entangled state generation [55] . In this work, we focus on the GVM conditions of these crystals, and use these crystals for spectrally uncorrelated biphoton state generation.
B. The principle of spectrally uncorrelated biphoton state generation based on GVM conditions
In the process of spontaneous parametric downconversion (SPDC), a pump photon is probabilistically converted to a biphoton state, e.g., the signal and idler, and in this process the energy and momentum is conserved. The biphoton state |ψ can be written as
where ω is the angular frequency; the subscripts s and i indicate the signal and idler photon respectively;â † is the creation operator. The joint spectral amplitude (JSA) f (ω s , ω i ) is the product of the pump-envelope function (PEF) α(ω s , ω i ) and the phase-matching function (PMF) φ(ω s , ω i ), i.e.,
The PEF is determined by the energy conservation law, and for a Gaussian-distribution, PEF can be written as [56] α(ω s ,
where ω p0 is the center wavelength of the pump; σ p is the bandwidth of the pump, and the full-width at halfmaximum (FWHM) is FWHM ω =2 ln(2)σ p ≈ 1.67σ p . Using wavelengths as the variables, the PEF can be rewritten as
where λ 0 /2 is the central wavelength of the pump; The FWHM of the pump at intensity level is
The PMF function is determined by the momentum conservation law. By assuming a flat phase distribution, the PMF function can be written as [56] φ(ω s , ω i ) = sinc ∆kL 2 ,
where L is the length of crystal; ∆k = k p − k i − k s and k = 2πn(λ,θ,ϕ) λ is the wave vector; n is the refractive index; θ and ϕ are the phase-matching angles; θ is the polar angle and ϕ is the azimuth angle, as indicated in the spherical coordinate in the Appendix. According to the theoretical analysis, the shape of the PEF is determined by the GVM condition [10, 12, 26] . In this work, we study three kinds of GVM conditions as following [19] ,
Here
is the group velocity of the pump, the signal and the idler. Under the GVM 1 , GVM 2 or GVM 3 conditions, the corresponding PMFs are distributed along the horizontal, vertical, and diagonal directions, as shown in Fig. 1 (a-c). With these three kinds of GVM conditions, it is possible to prepare spectrally uncorrelated biphotons and spectrally pure heralded single photons. The JSAs with the maximal purity under these three GVM conditions are shown in Fig. 1(d-f ). The corresponding maximal purity is around 0.97, 0.97, and 0.82. The purity can be calculated using Schmidt decomposition [56] . In the next section, we calculate the parameters for GVM conditions in detail [57] .
concept
The concept of three group-velocity matching (GVM) conditions. Figures in the first row show the phasematching function (PMF) distributed along the vertical, horizontal and diagonal direction for GVM1, GVM2, and GVM3, respectively. The second row shows the corresponding joint spectral amplitude (JSA) with the maximal purity of around 0.97, 0.97, and 0.82 respectively. In this calculation, we consider the Type-II phase-matching condition with collinear and wavelength-degenerated (2λp = λs = λi) configuration.
III. CALCULATION AND SIMULATION

A. Wavelength degenerate case
First, we consider the Type-II (e → o + e) SPDC with collinear and wavelength-degenerated (2λ p = λ s = λ i ) configurations. According to the three GVM conditions, the GVM wavelength λ p(s,i) and the corresponding phase-matched angle θ can be calculated. Take BBO as an example, Fig. 2(a) shows the PMF and GVM 1(2,3) conditions for different wavelengths and phase-matched angles. The cross points in Fig. 2 show that the PMF and GVM conditions are simultaneously satisfied at the wavelength of 1164 nm, 1526 nm, 2084 nm respectively. Following the same method, we also calculate the GVM conditions for other crystals. Table II and the corresponding pump wavelength range is from 516 to 1079 nm. It is noteworthy that BBO and BABF crystal can match the GVM 3 condition at 1526 nm and 1532 nm wavelength, e.g., in the C-band of telecommunication wavelength. Figure 3 (a, b, c) show the JSAs of BBO crystal at its GVM 1(2,3) wavelengths, and the spectral purity is 0.97, 0.96, and 0.82 respectively.
For biaxial crystals, we consider the GVM conditions in different planes. Figure 2(b) shows the PMF and GVM 1(2,3) conditions of BiBO crystals in the xz plane for different wavelengths and phase-matched angles. The GVM 1 (2, 3) wavelengths are at 1374 nm, 2238 nm, and 1750 nm respectively. The GVM wavelengths for other crystals in different planes are listed in Tab. III. It can be found that the BiBO, LBO, and CBO crystals can satisfy the conditions in the xz plane, with ϕ = 0 • . LBO, LCB, YCOB, and GdCOB can satisfy the conditions in the yz plane, with ϕ = 90 • . CBO, LRB4, YCOB, and GdCOB can satisfy the conditions in the xy plane, with θ = 90 • . In Tab. III, the down-converted photons have a wavelength range from 982 to 2488 nm, and the corresponding pump wavelength range is from 491 to 1244 nm. It is noteworthy that CBO in the xz plane and LRB4 in the xy plane can match the GVM 3 and GVM 2 conditions at 1622 nm and 1636 nm wavelength, i.e., in the L-band of telecommunication wavelength. Figure 3(d) shows the JSA of BABF crystal at its GVM 3 wavelength of 1532 nm with a purity of 0.82. Figure 3(e) shows the JSA of CBO at its GVM 3 wavelength in xz plane, with the spectral purity of 0.82. Under the GVM 3 condition, the purity can be kept over 0.8 when the wavelength is tuned over 200 nm wavelength range [26] . Take BiBO crystal as an example, although the GVM 3 wavelength is 1750 nm for BiBO, the purity still can achieve 0.82 at 1550 nm, as shown in Fig 3(f) . This property is very useful to increase the tunability of the pure single-photon source. 
B. Wavelength nondegenerate case
In the wavelength nondegenerate case, we consider the wavelength of the pump photons locate at 400 ∼ 540 nm, which are the wavelengths for commercial-available, low-cost laser diodes. One of the down-converted photons is at 500 ∼ 900 nm wavelength range, where silicon avalanche photodiode (APD) based single-photon detector has good performance. The other down-converted photon is at telecom wavelength around 1550 nm or 1310 nm, for low-loss long-distance transmission in optical fibers. The typical configurations include 405 nm → 548 nm + 1550 nm, 520 nm → 783 nm + 1550 nm, 405 nm → 586 nm + 1310 nm, and 520 nm → 862 nm + 1310 nm. These configurations are connecting the visible, nearinfrared wavelength and the telecom wavelength [59] [60] [61] . In these wavelength range, our results show that 7 uniaxial and 2 biaxial crystals satisfy the GVM 1 condition in SPDC with collinear and wavelength-nondegenerated (λ s = λ i ) configurations. Table IV lists the GVM 1 condition for BBO, CLBO, KABO, KBBF, RBBF, CBBF, BABF, LBO, and LRB4. The pump wavelength is ranging from 401 nm to 542 nm, and down-converted photons' wavelength includes the telecom wavelength of 1310 nm or 1550 nm. The JSAs under these conditions for BBO, LBO, and LRB4 are shown in Fig. 4 . Each crystal can achieve the GVM 1 condition at both 1310 nm and 1550 nm. All the JSAs in Fig. 4 have a long elliptical distribution in the horizontal direction, and with high purities from 0.96 to 0.98.
C. HOM interference measurement
The quality of the spectrally uncorrelated biphoton state can be tested by Hong-Ou-Mandel (HOM) inter-Name GVM1 (purity ≈ 0.97) GVM2 (purity ≈ 0.97) GVM3 (purity ≈ 0.82) ference. There are two kinds of HOM interference, the first one is the HOM interferences using signal and idler photons from the same SPDC source, with a typical setup shown in [62] . In this case, the two-fold coincidence probability P 2 (τ ) as a function of the time delay τ is given by [63] [64] [65] :
The second one is the HOM interference with two independent heralded single-photon sources, with a typical Fig. 3(c) . (b) and (c) show the HOM interference curve with two heralded signal or idler photons from two independent BBO sources, with the JSA shown in Fig. 3(a) . The visibility (V) and full-width at half-maximum (FWHM) values are labeled in each figure. experimental setup shown in Refs. [16, 66] . In this interference, two signals s 1 and s 2 are sent to a beamsplitter for interference, and two idlers i 1 and i 2 are detected by single-photon detectors for heralding the signals. The four-fold coincidence counts P 4 as a function of τ can be described by [64, 65] 
where f 1 and f 2 are the JSAs from the first and the second crystals. Figure 5 (a) is the obtained HOM interference pattern between a signal and an idler from the same BBO crystal, with the JSA shown in Fig. 3(b) . Under this condition, the visibility is as high as 100%. In this case, the HOM interference visibility is determined by the exchanging symmetry of the biphotons, i.e., f (ω s , ω i ) = f (ω i , ω s ). Figure 5(b, c) are the HOM interference curves between two heralded signals or two heralded idlers. Without using any narrow bandpass filters, visibility can achieve 98%. Please note that the visibility equals to the pu-rity for the ideal case in the HOM interference between independent sources [16, 66, 67] .
IV. DISCUSSION
In this study, we considered the GVM conditions in the main planes for biaxial crystals, i.e., in the xz, yz and xy planes, it is also possible to realize GVM conditions in an arbitrary direction. For example, previous studies have investigated phase-matching conditions and the effective nonlinear coefficient in BiBO crystal in an arbitrary direction [55, 68] . Further, we have considered the GVM condition in the collinear condition, it is also possible to realize pure-state generation in the non-collinear condition, since non-collinear configurations have been widely used in entangled photon source design [45, 46] . In addition, the 'BBO family' has a lot of borate crystals [13] , and we only considered 14 crystals in this work, because the Sellmeier equations for many borate crystals are still not available. Therefore, to investigate the generation of spectrally uncorrelated biphotons from more borate crystals, in an arbitrary direction, in the nonlinear configuration for higher nonlinear coefficient and better wavelength range will be the future work. Especially, it is promising to study GVM conditions in BiBO crystal in the in an arbitrary direction, since this crystal has the highest nonlinear coefficient in Table I. Designing new borate crystals with novel characteristics (e.g., higher nonlinear coefficient, smaller walk-off effect, better wavelength range) is still an active research area in the study of nonlinear optical crystals [69] [70] [71] . For example, following the anionic group theory, new nonlinear optical materials can be designed through the combination of borate and other material genomes [70, 71] . In the future, more and more borate crystals might be synthesized. Therefore, it is also possible to design and discover more borate crystals to prepare spectrally pure single-photon sources.
From the perspective of future applications, the biphotons in Fig. 3 (c-f) and Fig. 4 can be applied for telecom wavelength; the biphotons in Fig. 4 are good candidates for connecting the visible-near-infrared wavelength and telecom wavelength, which has great potential in quantum networks [72] . Crystals with GVM 1 and GVM 2 conditions can be used for interference between two signals from two independent SPDC sources. Crystals with GVM 3 condition are useful for interference between the signal and idler photons from one SPDC source. The highly pure single-photon sources at telecom wavelengths are very important for practical applications that require long-distance transmission in low-loss and low-cost optical fibers.
V. CONCLUSION
In summary, we have theoretically investigated the preparation of spectrally uncorrelated biphoton state and heralded pure single-photon state from 14 borate crystals. It was shown that these 14 crystals from the 'BBO family', namely BBO, CLBO, KABO, KBBF, RBBF, CBBF, BABF, BiBO, LBO, CBO, LRB4, LCB, YCOB and GdCOB can satisfy three kinds of GVM condition from near-infrared to telecom bands. These crystals can be used to prepare spectrally uncorrelated biphoton state with purity as high as 0.98. Visibility of 100% in the HOM interference with signal and idler photons from one SPDC source, and visibility of 98% in the HOM interference between two independent SPDC sources can be achieved. This work will provide good single-photon sources for photonic quantum information from nearinfrared to telecom wavelength, and will inspire people to find more crystal materials with superior properties for specific applications. crystals. Firstly, we consider the uniaxial crystals and take BBO crystal as an example.
The d ef f value is determined by point group and phase-matching condition. For BBO crystal with a point group 3m [73] , under the Type-II phase-matching condition, the d ef f could be calculated using the following equation [14, 74] : d ef f (BBO) = d 22 cos 2 (θ + ρ) cos(3ϕ).
In order to maximize d ef f , the item cos(3ϕ) should reach a maximum value, i.e, cos(3ϕ) = 1 for ϕ = 0 • or 120 • . ρ is the walk-off angle, which can be expressed as [14] :
where the upper (lower) signs are for negative (positive) crystals. For BBO, a negative crystal, the equation is:
Finally, we can obtain d ef f by substituting the value of d 22 = 2.2 pm/V [75] , phase-matching angle, and wavelength into the above equation.
For uniaxial crystals, we take LBO and BiBO as two examples to calculate the d ef f . LBO is a negative biaxial crystal with the point group of mm2, d 31 = − 0.67 pm/V, and d 32 = 0.85 pm/V [76] . Under the type-II phase-matching condition, the expression of d ef f on the yz plane and xz plane can be calculated as follow [14, 77] : 
